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1. Introduction

An object embedded in an electrolyte has its charge shielded by
the counterions in solution. Thus, any instrument aimed at
measuring the charge of the object must account for the electro-
static problem that includes the embedding electrolyte. Here we
are interested in understanding the response of the Atomic Force
Microscope (AFM) to a charged ring immersed in an electrolyte, a
ubiquitous case in soft matter in which all or part of the ring's
charge is shielded by the ions in the medium [1—3]. The problem of
how to use the AFM to measure size and charge of nano-rings in air
has already been solved [4]. This work extends that result to the
most relevant case of the AFM with fluid cells [5—7]. Thus the
methods developed in this article should be of use to measure static
charge in liquid. This liquid could be of explicit interest such as is
the case in electrochemistry or in biological buffers, but also due to
its implicit presence as humidity when nominally making mea-
surements in air. From a fundamental electrostatic standpoint, we
obtain for the first time the electrostatic field produced by the
interaction of the ring of charge with the liquid and the spherical tip
of the AFM.

We first consider two rings of opposite charges characterized by
an electric dipole density. We analyze two specific configurations
for oppositely charged near rings—one stacked, in which one ring is
vertically above the other, and the second concentric, with one ring
inside the other on the same horizontal plane. We further show
that the electric field produced by a system comprised of two
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oppositely charged near rings of arbitrary orientation can always be
treated as a linear combination of the stacked and concentric cases.

Integrating over all such orientations we obtain the AFM forces
for a bare charged ring dressed by ionic charge. Since in a practical
situation this dressing generally produces partial screening, the
total force on the AFM is obtained as the sum of the force produced
by a bare ring of charge and that produced by a dipole ring of
charge, modulated by a parameter representing the particular ionic
conditions of the surrounding electrolyte.

A note on notation used: Since the experimental quantity
accessible in AFM is the vertical force on the tip, the electric field
and force expressions we consider in this paper are all in the z-
direction. To simplify the notation, we will not write the subscript
“z.” In addition, the stacked case quantities are labeled ‘H,’ while
the concentric case quantities are indicated by ‘®.’

The paper is organized as follows. In section 2, Theory, we briefly
review, in subsection 2.1, the case of a single charged ring as it is
necessary to introduce notation. Subsections 2.2 and 2.3 already get
into the systems focus of this paper, the stacked and concentric ring
configurations. Section 3 presents the derivation of forces for both
cases mentioned above. Subsection 3.3 shows a proof that a force in
a generic configuration can always be written as a linear combi-
nation of the cases studied in section 3. Section 4 is an application
of the results for the case of a ring embedded in an electrolyte.
Section 5 shows how in practice to obtain dipole and size of the ring
from the AFM force measurements. Section 6 presents experiments
that have used AFM to study ring structures ranging in size from 4
to microns. 7 is the conclusion section.
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2. Theory
2.1. Charged ring

In this subsection we briefly state the results for electric field
and AFM force generated by a ring of charge. This problem has
already been solved [4], but we succinctly show the salient features
of that analysis to introduce notation and relevant results needed
for this article.

For a single ring of radius A and total charge Q, the electric field
in the z-direction at (x, 0,z) is given by

Q z
(2m)%e (x2 + 22 + A2)?

E(A,X,Z) = f[,u(A,X,Z)], (1)

where u and f(u) are defined by

2Ax
=iz A )
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with E(m) the Elliptic Integral of the Second Kind [8], and ¢ the
medium’s permittivity [9]. To find the force on the AFM tip with
radius of curvature R (Fig. 1) due to the ring, we evaluate the electric

field at a point on the image ring, x=B= A'z‘fdeZ and

Fig. 1. Aring of radius A near an AFM tip with radius of curvature R produces an image
ring of radius B.

z=d-d=d —ﬁz%fd, multiply by 27 to obtain the total field
acting on the image ring, and finally multiply by the image charge,
which gives:

P " 5 of (W),
0 /52+7)2 [624- (525"2)2+ n_ﬁzznz)z]z s
(4)

where n=¢, =4, and F, :—ﬁz A being the linear charge density on the

ring. FO is then the force corresponding to zero ion concentration.
For the two-ring systems described in the Introduction, Equation
(1) will be the starting point.

2.2. Stacked ring configuration

This geometry corresponds to two near rings of equal diameters
exactly above each other (Fig. 2). Taking ring 1 (red) in Fig. 2 to be
positive, and ring 2 (blue) negative, the electric field due to the
former is E5 = E(A, x, z), while the field due to the latter is
Eg = —E(A, X, z - Lg), where the function E is defined in Equation
(1).

The total vertical electric field at a point P= (x, 0, z) is
Eg = Ef + Eg. Expanding this expression as a power series in g,
and keeping terms to first order in Lg, gives

z

N

v X

Fig. 2. Sagittal view of the stacked ring setup near an AFM tip, and the resulting image
rings. The lines labeled “1” and “2” are rings of opposite charge, lying on the horizontal
plane. The image rings inside the sphere are shown with slightly different radii, but in
the limit L5 —0 they overlap.
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where m; = 4 and ,F; is the hypergeometric function
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[10]. By defining the constant Eg o= G which carries the units

) e

of electric field, we express the rest of the expression in terms of
dimensionless parameters X = x/R and z = z/R. Equation (5) can
then be written as Eg(x, z) = EO_EEE (X,z), where we have appen-
ded a tilde to denote the dimensionless component of the corre-
sponding expression for the electric field. In Appendix 1 in the
Supplementary Material we give explanation for the flipping of the
order of the image rings and the conservation of electric dipole
directionality for the image rings, as portrayed in Fig. 2.

2.3. Concentric ring configuration

In this configuration, two rings lie on the same horizontal plane,
with one of the rings inside the other (Fig. 3). The electric field due
to the positively charged ring is, as in the previous sub-section,

A2 4+x%+22

3. Forces
3.1. Force for the stacked case

Having determined the electric fields, we can now calculate the
force on the AFM tip. The force in the z-direction acting on the
dipole image rings is the product of the total image charge and the
electric field acting on it, Eg. The electric field acting on the nega-
tive image ring (blue inside sphere in Fig. 2) is —Eg, while that
acting on the positive one (red inside sphere in Fig. 2) is
+(Eg + dEg), where dEg is the change in the electric field over the
distance L. Summed up, only +dEg is left, so we have:

Fo = QdEg. (7)

Multiplying and dividing by the small distance element dz = Lé,
over which the electric field is changing, we obtain [11]

EL =E(A, x, z). The electric field of the outer ring is
© » OF; oF
Eo = —EA+Lo, X, 2). Fg= Q’—E' dz = Q’L’EG—ZE. (8)
The total electric field on point P = (x, z) is Es = E§ + Eg.
Expanding this expression as a power series to first order in L, we After taking the derivative, 52 has an extra length dimension in
obtain the denominator, so the unit-carrying constant is now E‘;QE' As
(2m)eRA
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(6)
Define oo E(zgﬁ to  write  Equation (6) as  The total image charge, Q' is given by Q' = —-£_Q [4], and
Es (X, 2) = Eg @ E® (X, 2), using the same notation as in the previous L—d,—d d+L R 4
. . . . = W( +1lg) — pra
sub-section. See Appendix 1 in the Supplementary Material for a +Hd+lg)® . . PR
discussion of the geometry of the image rings. Expanding to first order in Lg gives Ly = W) 7Lg. The closed

form of % 2 is quite long to look at, but can be easily obtained and
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Fig. 3. Aerial side view of the concentric ring setup near an AFM tip, and the resulting
image rings. The rings labeled “1” and “2” are of opposite charge, lying on the hori-
zontal plane.

evaluated using symbolic programming languages [12] and Equa-
tion (5). With the above substitutions Equation (8) becomes

Fg=-Fg|l-—= |5, (9)

the unit of force, with pg = QLg the dipole moment. At this point
Weevaluate%ati:B/R: ﬂz—ﬁnzandéz%—%: ’7‘;;217172’7 and
multiply by 27 to obtain the vertical force on the entire image ring.
This allows us to graph the dimensionless force F5/F; vs. separa-
tion 7 for different values of ring size § (Fig. 4).

3.2. Force for the concentric case

The analysis for the concentric case is completely similar, except
that we now take the derivative of the electric field with respect to
x, since that is the direction in which the field on the image ring
changes. Thus, the z-component of the force is

OE@ 6E@

S Ynd 94 — 01 =9

F@ = Q ax dx Q ® ax (]0)
As in §4.1, Ly = —%L@. Following the above procedure

yields the following expression for the force for the concentric
configuration:

ﬁz - 712 5E@

F@ = F] ©® 5 ) (1 1)
’ 2 3 0x
(8 +r)
— (o) _ Py i i i
where F; =R = @R The graphic for the concentric case is

qualitatively similar to the one shown in Fig. 4.
3.3. Force for the general ring orientation

Having determined the vertical force on an AFM tip exerted by
rings in a concentric orientation or in a stacked one, we show here
how to find that force for a pair of rings in an arbitrary, oblique
configuration (Fig. 5). The electric field for such a system is found by
adding the contributions from the concentric and the stacked cases,
which gives

E=Eg cos ¢ + Eg sin ¢, (12)

where Ee and Eg are given by Equations (5) and (6), respectively,

_d _A — ()’ pt ; i Fi
where we used n=f and f=§, and defined FlEl=(;,,)ng)R4 = (2@% and ¢ is as shown in Fig. 5.
Fa/F;
04
02
== 20 25 30
-02
-04

Fig. 4. F5/F; vs. 1 for different values of 8. The condition n = 1 represents the point of closest approach at which the tip and the substrate are in contact. The plots are for
1.05 << 1.45, with § increasing in units of 0.1. The lowest value of § corresponds to the curve that dips lowest.
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Fig. 5. Sagittal view of the original ring (lower, red ring) and one of the rings that
constitute the shielding layer (top, blue) separated by a distance L at an angle ¢. (For
interpretation of the references to colour in this figure legend, the reader is referred to
the web version of this article.)

Notice that Lg =Lsin ¢ and Lg = L cos ¢, so we can eliminate
L5 and L in Equations (5) and (6) in favor of the new variables, L
and ¢ (Fig. 5).

Writing Equation (12) in differential form and multiplying
throughout by Qs we obtain the following,
F(¢) = Q'dE = Q'dEg cos ¢ + Q'dEg sin ¢ (13a)
of which the left side is the total force in the z-direction as a
function of ¢. Multiplying and dividing each term by the appro-
priate distance element, as done for Equation (8), we obtain

Eg .
Fg) = Qlip 2 cos ¢ + Q'L a@—?sm¢ (13b)
Now, from Equations (8) and (10) we have
F(¢) = Fe cos ¢ + Fg sin ¢, where F5 and Fg are given by Equa-
tions (9) and (11), respectively. Substituting these last expressions

yields

g —n* |[oEs
(ﬁz +?72>% 0x
@

where Fy=7 % )sR“ = (2«1)2251{4'

F(¢) =F, cos3 ¢ — TZE'sin3 o, (14)

2

4. A practical application: ionic shielding in solution

As mentioned in the Introduction, these results can be used to
model the effects of the shielding layer that develops around a ring
sample in an ion-rich environment. A uniformly charged molecule
placed in an electrolyte solution will attract oppositely charged
ions, which will distribute themselves in a way that correlates with
the geometry of the molecule.

To predict the force on the AFM tip that results from a shielded
ring molecule, one may model the shielding layer as a super-
position of many oppositely charged rings enveloping the original
one. Because the ring is on a platform, the charges can only enve-
lope it in a half torus, from O to 7 (Fig. 6).

In our model, the sample ring (red in Fig. 6) of total charge Q is
surrounded by a shielding layer (blue) of total charge —Q. Now,
while the ring has a linear charge density given by A = 2%4, the
charge of the shielding layer is distributed over the entire area of
the half torus. Thus, assuming the charges are uniformly distrib—
uted, the shielding layer has a surface charge density, ¢ = 27r2 S 1he
charge of a thin ring element of the half-toroidal shielding layer

’

Fig. 6. Sagittal view of the ring and the counterionic shielding layer. The dotted light
blue line represents a thin ring element of the half-toroidal shielding layer. (For
interpretation of the references to colour in this figure legend, the reader is referred to
the web version of this article.)

(dotted line in Fig. 6) is dQ = 27(A + L cos ¢)aLdé.
To calculate the force, we use the image surface charge density

(A2-d")R?
v L (this can be

confirmed by taking the vector sum of LEI and L@). A thin ring
element of the image half-toroidal shielding layer is then

o' = 5%, where B= 48, and L' =

dQ’' = 2w(B+L cos ¢)o’L'dg, (15)

Using Equation (13) we obtain an expression for the force
differential:

dF = (%2l cos ¢ + %L sin ¢)dQr.  Substituting Equation
(15), we integrate over ¢ from 0 to , substitute the expressions for
Ly, lg o' use Q' = —F~—Q [4] take out the dlmen510nal terms of

0og _ QL _ QL®
R ™ (2m)%ert and % T (2m)%eRY and

simplify to obtain

™
F:F 5/ aEE' ¢—6E—®cos ¢ (1 +L—cos¢) de
(A2 +d2 b J B

(16)

aEE and aEO are not functions of ¢ and so may be taken out of the
1ntegral For ions whose size is comparable to that of the charged
ring (relevant in some cases), the distribution is discrete, and the
integral Equation (16) can be converted into a summation, as given
in Appendix 2 in the Supplementary Material. Distributing the
integrand of Equation (16), separating and evaluating the integrals,
and simplifying gives

2 9 2
F:Flfw(;agazrwwg@> (17)
GO
AR 8 U_ R i
whereLl ﬁ—RfAZerzfﬁernZ'and SOﬂ & ’r]) L B2 +n2 B

As before, to obtain the force on the AFM tip, % OEE' and BE@ in

Equation (17) are evaluated at Xx=B/R= ﬁ and
z=9_d=n- 621—7;217' and the resulting expression is multiplied

by 2. A step-by-step derivation of Equations (16) and (17) is given
in Appendix 2 in the Supplementary Material.

Notably, one can use Equation (17) to estimate L = %_ which is on
the order of the Debye length [1,2], using experimental measure-
ments of the force and after finding p as detailed in the Results
section.
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5. Results: measure size and dipole from AFM measurments

As seen in Fig. 4, for every value of ring radius § we have a curve
that has two zero crossings, 1; and 7, (Fig. 7), for which F5/F; = 0.

Notably, in all cases 5;=0 exactly. This is because the term §2—»?
appears in the numerator of all force expressions (Equations (9),
(11),(14) and (17)). Therefore, one way to find the ring size is simply
to find the first crossing. One starts with the tip touching the
substrate and slowly pulls away until the force vanishes (cf. [4]). In
practice, however, this may not always be feasible, and in such
situations the initial distance from the platform is unknown.

In order to eliminate this unknown we find the second crossing,
and subtract from it the first one. The distance between the
crossings, 7, — 14, is a salient, experimentally determinable feature

Fg/Fy
0.15

0.10 n,

of the force-separation curve. Therefore, by finding the dependence
of n; and 7, on 3, we can determine the size of the ring.

For the stacked case, the first crossing (blue line in Fig. 8) (in the
web version) links the separation to the radius as 7, = 8, while the
second crossing (red line) is given by 7, = 1.07588 + 0.5013. Both
equations were obtained numerically and are good to better than
one part in a thousand. To find § we take 7, — 7, to obtain

B 0.0758

To find the dipole constant pgy we first define
No=ng e = 1.037965 + 0.2507, for which the force is strictly
nonzero. Evaluating the force in Equation (9) at ng 4, and solving
for pg gives

(18)

-0.05

-0.10

-0.15

n,
0'05 V_\
15 2.0 2.5 3.0 i

Fig. 7. Plot of F5/F; vs. 1 for § = 1.2, showing the location of each crossing.

TTroot

-

1 2

3 4 5 A

Fig. 8. Plots of the positions of the roots as a function of 8. The blue line corresponds to 7, while the red corresponds to 7,.
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(62 + 772E|,avg>% Fg <ﬂ7 nEIﬂ%)

—(2m)?eR42—

(19)

b= 5
~Bag

! 0E,
oz

n:na.avg

Using the same procedure for
N2, = 0.699206 + 0.5380, and so

Fewe find that

bo = 0.3008 (20)

No wg = 0.84960 + 0.2690 (21)

For the arbitrary ring configuration, 7, (8, ¢) = , as before, and

12(B.#) = M., COS? ¢ + 1y 5, Sin @,

which is accurate to within 5% for 0 < ¢ < 2. Substituting the
expressions for 1, ¢ and 7, 5 and solving for 3, we obtain

5 — 11 — 0.5380 cos? ¢ — 0.5013 sin® ¢

n
(12 =) 0.6992 cos? ¢ + 1.0758 sin? ¢ — 1
and
Noaug = (0.3496 cos? ¢ +0.5379 sin® ¢ + %) 8
+ (0.2690 cos? ¢ + 0.2507 sin? ¢) (23)
For the whole shielding layer,
b= 0.0012 (24)
and
Tavg = 1.00068 + 0.3206 (25)

The equations for pe, ps and p are derived as above for pg, but
starting instead from Equations (11), (14) and (18), respectively.
These expressions are similar to Equation (19) and are given
explicitly in Appendix 3 in the Supplementary Material. Notably, in
all cases 7, = § exactly. This is because the term 3% — 52 appears in
the numerator of all expressions.

6. Experimental studies of rings with AFM

Given the wide applicability of AFM in nanoscience, it is inter-
esting to understand the experimental implications of the theo-
retical results presented here. Of particular relevance are extant
experimental studies that use AFM to study ring structures
immersed in liquid. We picked three such problems that span the
length scales from hundreds of microns down to hundreds of A4
from the following fields: inkjet printing (10s um), molecular mo-
tors (10s nm) and light-harvesting bacteria (100A).

The charged droplets of inkjet printing have found lithographic
applications for nano optoelectronics. In these uses a ubiquitous
phenomenon appears: the coffee-ring formation, whereby a sedi-
ment ring is formed by the preferential motion of the particles in
the droplet toward the periphery. These coffee rings have found
applications in nanotransitor fabrication [13], in nano-
chromatography to separate small particles by size [14], and in
transparent conductive coating [15]. In these three examples the

tens-to-hundreds um rings are successfully imaged with AFM.
Given the charge content of these rings, and the charge shielding by
the electrolytic solution or simply by the water in air humidity, the
theoretical results presented here can serve to measure charge
content in these structures.

One current approach to build molecular motors, as well as
sensors and logical devises, is to use the self-assembly properties of
DNA. In one such study interlocked rings of about 20 nm in diam-
eter were built and measured with AFM [16]. The motor motion was
correlated with the ambient pH, which in turn correlates with ionic
surfactants.

Light-harvesting bacteria have been used as experimental
models to understand the architecture and dynamics of photo-
synthesis. At the core of the process are proteins that act as an-
tennas. These antennas have been found, via AFM, to have ring
shapes with diameters in the 1004 range [17]. Knowledge of charge
content inside the rings should help to understand the ring inter-
action and the corresponding conformational assembly.

7. Conclusions

We have considered here several forces of interaction between
rings of charge and AFM tips for several configurations. In the first
case, a simple charged ring; in the second case, systems of charged
rings of opposite charges. This second case was divided into two
elemental cases, one in which the rings are on top of each other, and
another in which the rings are coplanar. As a central application of
these results, we considered a ring of charge dressed by oppositely
charged ions originating in the embedding electrolyte. A central
charge would be partially or fully balanced by the ions in solution,
such that the observed force F, is a linear combination of the two
extreme cases of no shielding and full shielding:

Fops = (1 — S)F° + F, (26)

where FO and F are given by Equations (4) and (17), respectively,
and .7 is a constant, the shielding coefficient, such that 0<.7" < 1.
Further work can be conducted to determine the dependence of the
shielding coefficient . on such factors as pH, pK,, temperature, the
presence of buffers, the degree of solvation, and ion density. Thus,
the total force of the ring on the AFM tip mediated by a given
electrolyte can be systematically studied using the expressions for
the vertical force in this paper. The methods and results of this
paper can not only be used to find the charge and size of rings in the
various configurations described, but also to estimate the dimen-
sionless Debye length by finding L, the distance from the sample
ring to the shielding layer.
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